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' Abstract 

CNl , Recently the classification of low-lying excited + states in even 

even deformed nuclei has been done. The available experimental data 

CN ■ 

were represented as the energies parabolic distributed by number of 
monopole excitations. With other words each + state now is deter- 
mined as the collective state with the corresponding number of monopole 
type phonons n . In this short remark we discuss whether the experi- 
■ mental data for low-lying excited states possessing not equal to zero spins 

can also be described with parabolic distribution function depending 
, on integer classification parameter and find any vindication of the con- 

f*"^ ■ nection between this integer parameter and the number of collective 

excitations building the corresponding state. 

In our recent investigations 1 of the yrast lines in even-even deformed nuclei 
we obtained that the energies of these lines can be described with great accuracy 
' even if we use the simple rigid rotor model but if we consider yrast line be built 

c"| . with several number of crossing rigid rotor bands and if we make the bands 

heads be responsible for the behavior of the rotational bands. With other 
words we make the band head be responsible for the value of the moment of 
' inertia of the nucleus staying in corresponding excited state. 

We build the positive parity lines with crossing of several number of ro- 
tational (3 - bands starting from different excited + states that we consider as 
their heads. To understand the peculiarities of different excited + states we 
analyzed a great amount of experimental data for low lying excited + states 
in even-even nuclei. 

We represent the available experimental data in the form of the energies of 
the + cxcited states distributed by positive integer parameter and determine 
this classification parameter in the way giving us information about collective 
structure peculiarities of these states. 

To specify the distribution function let us consider the monopole part 
of collective Hamiltonian for single level approach written in terms of boson 
creation and annihilation operators i?+ , i?_ and Rq 

H = a R\R{_ + pRlRi + ^Rl (1) 
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constructed with the pairs of fermion operators and 

4 = |E(-l) i - m «}n,«}-m. 
m 

& — -Vf — lV'~ m rv- rv ■ 



j-m a ]-m) 



^0 — 4 XX a jm a i™ 
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(2) 
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Further applying the Holstein-Primakoff p] transformation to the operators 
i? + , i?_ and i?o 



E_ = V2ft - 6t6 6; R + = 6+V2fi - tfb; R = b+b - ft. 
[6,6*] =1, [6,6]= [ftt s ftt] =0 . 
the initial Hamiltonian Q written in terms of pure bosons has the form: 

H = Atfb- Btfbtfb. (3) 

A = a(2fi + 1) — /3CI, B= a- [3. 
\n) = -L(6 + )™ |0) , w/iere 6 10) = 



'71! 

Thus the energy spectrum produced by Hamiltonian is the parabolic 
function of the number of monopole bosons n 

E n =An- Bn 2 + C (4) 

This is the form we apply in our new representation of the experimental 
data of the low lying excited + - states. Some of the distributions of the 
experimental energies of the excited + states plotted 

using are shown in Figure 1. 

This parabolic distribution J2J reproduces with a great accuracy ex- 
perimental values of low lying + excited states energies. Similarly, very 
nice agreement was obtained for all available experimental data of low lying 
+ excited states in a large region of the even-even nuclei. In Figure 2. we 
show the description of the positive parity yrast line experimental data with 
two crossing rotational (3 bands. Along with the comparison with experiment 
there are shown the numbers of bosons n for the bans heads. 

Of course it is straightforward now to see whether the low lying excited 
states having different from zero spin can be also represented in the same form 
of the energies distributed by parabolic type function and can we connect the 
new classification parameter as a measure of collectivity determining each low 
lying state. 
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For this purpose let us shortly remind the Interacting Vector Boson Model 
(IVBM) developed some years ago by A. Georgieva, P. Raychev and R. 
Roussev 0. 

IVBM is based on the introduction of two kinds of vector bosons (called 
p- and nbosons), that "built up" the collective excitations in the nuclear system. 
The creation operators u+ (a) of these bosons are assumed to be S l O(3)-vectors 
and they transform according to two independent fundamental representations 
(1,0) of the group SU(3). The annihilation operators u m {a) — (u^a))^ trans- 
form according to the conjugate representations (0,1). These bosons form a 
"pseudospin" doublet of the group U{2) and differ in their "pseudospin" pro- 
jection a = ±i. The introduction of this additional degree of freedom leads to 
the extension of the SU (3) symmetry to U (6) so that the two kind of bosons 
u^ n {a — ±i) transform according to the fundamental representation [l]g of the 
group C/(6). The bilinear products of the creation and annihilation operators of 
the two vector bosons generate the noncompact symplectic group Sp(12, R) 0: 

C^ m u+(a)u+(p), 

A L M {a, P) =j£ C^ m ut(a)u m (f3), (5) 

where C^ m are the usual Clebsh-Gordon coefficients and L and M define the 
transformational properties of Q under rotations. 

We consider Sp(12,R) to be the group of the dynamical symmetry of the 
model [3J. Hence the most general one- and two-body Hamiltonian can be 
expressed in terms of its generators . Using commutation relations between 
F^ f (a,f3) and Gj^(a,/3), the number of bosons preserving Hamiltonian can be 
expressed only in terms of operators A^ I (a, (3): 

H = J2 ho(a, P)A°(a, /3) + ^ E {-^ M V L {a0; jS)A^(a, -y)Ai M (J3, 5), 

a,/3 M.L a(3~/8 

where ho(a,/3) and V L (a/3; 7(5) are phenomenological constants. 

Being a noncompact group, the representations of Sp(12, R) are of infinite 
dimension, which makes it rather difficult to diagonalize the most general Hamil- 
tonian. The operators A^{a, (3) generate the maximal compact subgroup of 
Sp(12,R), namely the group U(6): 

Sp(12,R) D U(6) 

So the even and odd unitary irreducible representations /UIR/ of Sp(12, R) split 
into a countless number of symmetric UIR of U(6) of the type [N, 0, 0, 0, 0, 0] = 
[N]e, where N = 0,2,4,... for the even one and N ~ 1,3,5,... for the odd 
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one Therefore the complete spectrum of the system can be calculated only 
trough the diagonalization of the Hamiltonian in the subspaccs of all the UIR 
of Z7(6), belonging to a given UIR of Sp(12, R). 

Let us consider the rotational limit [3] of the model defined by the chain: 

17(6) D £17(3) x [7(2) D 50(3) x 17(1) (7) 

[N] (A,/i) (N,T) K L T (8) 

where the labels below the subgroups are the quantum numbers © correspond- 
ing to their irreducible representations. Their values are obtained by means of 
standard reduction rules and are given in In this limit the operators of the 
physical observables are the angular momentum operator 

L M = -V2J2 A l M (a,a) 

M,a 

and the truncated (" Elliott" ) quadrupole operator 



which define the algebra of SU{2>) . 

The "pseudospin" and number of bosons operators: 

T+i = \j\A°&n); T_j = —y^A°(n,p); 

T = - ] f^{A (p,p)-A°(n,n)}; N = —V3[A°(p,p) + A°(n, n)], 

define the algebra of U{2). 

Since the reduction from C/(6) to SO(3) is carried out by the mutually com- 
plementary groups SU(3) and C7 (2), their quantum numbers are related in the 
following way: 

T=^,N = 2n + \ (9) 
Making use of the latter we can write the basis as 

N 

| [N} 6] (\,n=-);K,L,M;T )=\(N,T);K,L,M;To) (10) 
The ground state of the system is: 

| ) =| (0, 0); 0, 0, 0; 0) =| (N = 0, T = 0); K = 0, L = 0, M = 0; T = ) 

(11) 

which is the vacuum state for the Sp(12, R) group. 

Then the basis states [3] associated with the even irreducible representation 
of the Sp(12, R) can be constructed by the application of powers of raising 
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generators F^(a,(3) of the same group. The SU(3) representations (A, /i) are 
symmetric in respect to the sign of To. 

Hence, in the framework of the discussed boson representation of the «Sp(12, R) 
algebra all possible irreducible representations of the group SU (3) are deter- 
mined uniquely through all possible sets of the eigenvalues of the Hermitian 
operators N,T 2 , and T . The equivalent use of the (A,//) labels facilitates the fi- 
nal reduction to the SO(3) representations, which define the angular momentum 
L and its projection M. The multiplicity index K appearing in this reduction 
is related to the projection of L in the body fixed frame and is used with the 
parity to label the different bands in the energy spectra of the nuclei. The parity 
of the states is defined as 7r = (— 1) T . This allows us to describe both positive 
and negative bands. 

The Hamiltonian, corresponding to this limit of IVBM is expressed in terms 
of the first and second order invariant operators of the different subgroups in 
the chain J7J: 

H = aN + a 6 K 6 + a 3 K 3 + a\K-y + (3 3 n 3 , (12) 

where K n are the quadratic invariant operators of the U(n) - groups in J7J):, tt 3 
is the SO(3) Casimir operator. As a result of the connections © the Casimir 
operators K 3 with eigenvalue (A 2 + /x 2 + A/i + 3A + 3/z), is express in terms of 
the operators N and T: 

K 3 = 2Q 2 + ^L 2 = ^N 2 + N + T 2 

After some transformations the Hamiltonian l|12fl takes the following form 

H = aN + bN 2 + a 3 T 2 + (3 3 n 3 + ai T$, (13) 

and is obviously diagonal in the basis (|10J) labeled by the quantum numbers of 
the subgroups of chosen chain 10. Its eigenvalues are the energies of the basis 
states of the boson representations of Sp(12, R): 

E((N, T); KLM; T ) = aN + bN 2 + a 3 T(T + 1) + 3 L(L + 1) + ai T 2 (14) 

Using the (A, /x) labels facilitates and choosing for instance (A, 0) multiplet 
together with the reducing rules (© after simple regrouping of the terms in l|14fl 
we can write the energy spectrum corresponding to this (A, 0) multiplet as: 

E{\) = A\ - BX 2 + C (15) 

here A, B and C are the combinations of free model parameters of (|14fl a, 
b, a 3 ,/3 3 and a±. 

Hence choosing any permitted by (A, /i) multiplet we again may classify 
the low lying excited states energies in even even nuclei applying the parabolic 
type distribution function and considering label A as a measure of collectivity 
of the corresponding excited states possessing different from spins. In Figure 
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3. and Figure 4. are shown some examples for the classification (consider also 
n = j) of the energies of 2 + ,4 + , 6 + ,and 8 + excited states in 162 Dy and also 2 + 
states in 240 Pu and 250 C/ isotopes. 

The experimental energies with great accuracy follow the parabolic distri- 
bution function i|15|) and similar agreement can be obtained for all spectra in 
even even nuclei. All experimental data are taken from 0] . 

We hope that this new interpretation of the experimental data for low lying 
collective excited states of even-even nuclei may be useful for divers aims in 
nuclear structure models. We also want to believe that it may be in help for 
experimentalists investigating low energies nuclear spectra especially when any 
ambiguous definition of the states spins exists. 
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